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In a nutshell: The hidden Markov model

. . . St−1 St St+1 . . .

Xt−1 Xt Xt+1

• (Xt)t – observed state-dependent process, Xt | St = i ∼ fi
• (St)t – state process, e.g. state space = {bullish, bearish, correction}
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What we are going to talk about?

Why hierarchical hidden Markov models for financial time series data?

How to estimate such models?

How to decode the hidden states?

Model results for the DAX

Model results for the Goldman Sachs Group stock

How to perform model checking?
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. . . St−1 St St+1 . . .

Xt−1 Xt Xt+1

successful results, leading to trading strategies that outperform e.g. buy-and-hold
model does not capture short and long term trends jointly
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. . . St−1 St St+1 . . .

Xt−1 Xt Xt+1

. . .

. . . S∗
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Maximum likelihood estimation

Likelihood of the i-th fine-scale hidden Markov model with the model parameters
θ∗(i) = (δ∗(i), Γ∗(i), (f ∗(i ,k))k) on the t-th chunk (Xt,t∗)t∗ of fine-scale observations

LHMM(θ∗(i) | (X ∗
t,t∗)t∗) =

N∗∑
S∗

t,1,...,S∗
t,T∗ =1

( T ∗∏
t∗=1

f ∗(i ,S∗
t,t∗ )(X ∗

t,t∗)
)(

δ
∗(i)
S∗

t,1

T ∗∏
t∗=2

γ
∗(i)
S∗

t,t∗−1S∗
t,t∗

)

Complexity: exponential
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Maximum likelihood estimation

fine-scale forward probabilities

α
∗(i)
k,t∗ = f ∗(i)(X ∗

t,1, . . . ,X ∗
t,t∗ ,S∗

t,t∗ = k),

LHMM(θ∗(i) | (X ∗
t,t∗)t∗) =

N∗∑
k=1

α
∗(i)
k,T ∗ .

α
∗(i)
k,1 = δ

∗(i)
k f ∗(i ,k)(X ∗

t,1),

α
∗(i)
k,t∗ = f ∗(i ,k)(X ∗

t,t∗)
N∗∑
j=1

γ
∗(i)
jk α

∗(i)
j,t∗−1, t

∗ = 2, . . . ,T ∗.

Complexity: linear
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Problems in the numerical maximization

• parameter contraints → bijective transformation
• numerical underflow → logarithm
• local maxima → repeated numerical search
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Viterbi algorithm

We are interested in
arg max
S1,...,ST

f (S1, . . . ,ST | X1, . . . ,XT ) = arg max
S1,...,ST

f (S1, . . . ,ST ,X1, . . . ,XT ),

which we derive from
ξi ,t = max

S1,...,St−1
f (S1, . . . ,St−1,St = i ,X1, . . . ,Xt),

which can in turn be calculated recursively via
ξi ,1 = δi f (i)(X1),
ξi ,t = max

j
(ξj,t−1γji ) f (i)(Xt).

Then
ŜT = arg max

i
ξi ,T ,

Ŝt = arg max
i

ξi ,tγi Ŝt+1
.
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Pseudo Residuals

Xt has (invertible) distribution function FXt ⇒ Zt = Φ−1(FXt (Xt)) ∼ N (0, 1)
Check:
• Zt

a∼ N (0, 1)?
• Cov(Zt ,Zt+h) ≈ 0?

●

●

●

●●

●

●●

●

●

●
●

●

●●

●

●

●

●

●
●
●

●

●

●

●●

●

●●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●●

●

●●

●

●

●●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●
●

●

●

●

●

●

●●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●●

●

●
●

●

0 50 100 150

−3

−2

−1

0

1

2

3

Index plot

Index

P
R

 C
S

Histogram w/ N(0;1)−density

PR CS

D
en

si
ty

−3 −2 −1 0 1 2 3

0.0

0.1

0.2

0.3

0.4

0.5

●

●

●

●●

●

●●

●

●

●
●

●

●●

●

●

●

●

●
●

●

●

●

●

●●

●

●●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●●

●

●●

●

●

●●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●
●

●

●

●

●

●

●●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●●

●

●
●

●

−3 −2 −1 0 1 2 3

−3

−2

−1

0

1

2

3

Normal Q−Q plot

Theoretical Quantiles

S
am

pl
e 

Q
ua

nt
ile

s

0 2 4 6 8 10

−0.2

0.0

0.2

0.4

0.6

0.8

1.0

Lag

A
C

F

Autocorrelation plot

●
●

●

●

●
●

●

●
●

●

●

●

●

●

●

●

●

●

●

●
●

●
●●

●

●

●●

●

●

●

●

●

●

●

●

●
●

●

●
●
●

●

●●

●
●

●

●

●
●
●
●
●

●

●

●
●

●
●●
●

●

●

●

●

●
●
●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●
●

●

●

●

●●

●

●

●

●
●

●

●
●

●

●
●

●●

●

●

●

●
●
●●

●
●

●

●

●
●

●

●

●
●●
●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●●
●

●●

●●

●

●

●●
●

●
●

●
●

●
●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●
●

●
●

●

●

●
●

●

●

●●

●

●
●

●
●●●

●

●

●

●

●

●
●

●

●
●
●
●

●
●●●

●

●

●

●

●

●

●
●

●

●

●
●

●

●
●

●

●

●

●
●
●

●●

●

●

●

●

●

●

●

●

●

●

●●

●●●

●

●

●●
●

●

●

●

●

●

●

●

●
●

●

●

●

●

●●
●
●

●

●

●

●●

●

●
●

●

●

●

●
●●

●

●

●

●●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●●

●●

●●

●
●

●
●●

●
●
●

●

●

●●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●●

●

●

●

●

●
●

●●●●
●
●

●

●●

●

●
●
●

●
●
●

●

●

●

●
●
●

●

●
●

●

●

●
●

●

●

●

●
●

●

●

●

●

●
●

●

●

●

●

●

●
●

●●

●

●

●

●

●

●●

●

●

●

●
●

●

●

●

●

●

●●
●

●

●

●

●
●●

●

●
●
●
●

●
●
●

●

●●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●●●

●
●●
●●

●

●

●

●
●

●

●

●

●

●

●

●

●

●●
●

●

●

●

●

●●

●

●
●

●

●

●

●

●●

●

●

●

●

●

●
●

●

●

●
●

●

●●

●

●

●

●
●
●●

●

●
●

●●

●

●

●
●
●

●

●

●

●

●

●

●

●

●

●
●

●●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●
●
●

●
●

●
●
●
●

●

●
●

●

●
●

●
●

●

●

●●

●
●

●
●
●●

●

●

●

●

●

●

●

●

●

●

●

●
●
●●
●
●●
●
●
●

●
●
●●

●

●

●
●
●

●

●

●●●●

●
●
●●●
●●
●●

●

●
●

●
●●
●

●

●●

●

●
●

●

●

●

●
●

●●
●

●

●
●

●

●
●

●

●
●●

●

●
●

●

●

●●

●

●
●
●

●

●

●

●●
●

●
●
●

●

●

●

●●

●

●●●●

●

●
●●●
●
●
●
●

●

●

●
●
●
●
●
●
●

●
●

●●

●

●

●
●

●

●

●

●

●

●
●

●

●

●

●●

●
●
●
●●●

●

●

●

●

●●

●

●

●

●

●
●
●
●

●
●
●

●

●●●●
●●

●

●

●●
●
●
●
●

●

●

●

●
●
●●

●

●

●●●●

●

●

●

●●
●●
●
●
●

●
●

●
●
●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●
●

●

●

●

●

●
●

●

●

●

●

●
●

●
●

●
●

●

●

●●●

●

●

●
●
●
●●●

●
●

●

●

●

●
●●

●●

●

●

●

●

●

●

●

●

●

●

●
●

●

●
●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●●

●

●●
●
●●

●

●

●

●

●

●

●

●
●

●
●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●
●

●

●

●

●

●

●

●

●
●

●●

●
●

●

●

●
●●●

●
●

●

●
●●
●
●

●

●
●

●
●

●

●●

●

●

●

●

●

●

●
●
●

●

●

●

●●

●
●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●
●●

●

●

●

●

●

●

●

●

●
●
●
●

●

●

●

●
●
●●

●

●

●
●
●
●
●

●●

●●

●
●

●

●

●

●

●

●●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●●●

●

●
●

●

●

●●

●

●

●●

●

●

●

●

●

●

●

●

●

●

●

●

●●●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●
●

●

●

●

●
●

●
●

●

●

●

●●

●

●

●●●●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●●

●

●

●

●

●

●

●

●
●
●
●

●

●

●

●

●
●

●

●●
●

●

●●

●

●

●

●
●

●
●

●

●●

●

●

●

●

●●
●

●

●

●

●●

●

●

●

●

●

●

●

●

●

●

●

●

●●

●

●
●

●

●

●●

●
●

●

●

●●●●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●●

●

●

●
●

●

●

●
●

●

●

●

●

●

●

●

●
●

●

●

●●

●

●

●

●

●

●
●
●

●

●

●

●

●
●●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●
●

●

●

●

●

●

●

●
●

●

●
●

●

●

●

●
●

●
●

●

●

●

●●

●
●

●
●

●

●
●

●

●

●

●

●

●●

●

●

●

●

●

●

●

●

●

●

●

●●

●

●●
●●

●

●

●

●

●
●

●●●

●●

●

●

●
●

●

●●

●

●●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●●
●

●

●

●

●

●●

●

●

●●

●

●●●

●

●

●

●

●

●

●

●

●
●

●

●●
●

●
●
●

●

●●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●●

●
●
●
●

●

●
●

●

●●

●

●

●

●

●

●

●

●

●
●

●
●

●

●
●

●

●

●
●

●

●

●●

●

●

●

●●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●
●

●

●

●

●

●●●●

●

●

●

●

●

●

●

●
●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●●

●

●

●
●

●
●
●

●
●

●

●

●

●

●
●

●

●

●

●

●
●

●

●
●
●

●

●

●

●

●

●

●
●●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●●

●

●

●

●

●

●●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●●

●

●

●

●

●

●

●●

●

●

●

●

●

●

●

●

●

●

●

●

●●

●

●

●
●

●

●

●●

●

●

●
●

●

●

●

●

●

●

●

●

●
●

●

●●

●

●
●

●

●

●
●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●●

●

●

●
●

●

●

●
●

●

●

●

●

●
●

●

●

●
●

●

●
●
●

●
●

●

●

●

●

●
●

●

●

●

●
●

●

●

●

●

●
●

●

●

●

●

●●●

●

●

●

●

●

●

●

●

●●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●●

●
●●●

●

●

●

●

●

●
●

●

●

●

●

●

●
●

●●
●

●

●

●

●
●

●
●●

●

●●
●

●

●

●
●

●●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●●
●

●

●

●●●

●

●

●●

●

●

●

●●

●
●
●

●

●

●

●

●●
●

●

●●

●

●

●

●
●

●

●

●

●

●

●●

●

●

●

●
●

●

●

●

●
●

●

●
●

●●

●●

●

●

●

●

●

●

●

●

●

●

●

●

●●
●

●

●

●

●

●

●
●
●
●

●
●

●

●●

●

●

●
●

●
●

●

●

●

●

●

●

●

●

●

●

●
●
●

●

●

●

●●

●

●

●

●●

●●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●●

●●●

●●●

●

●

●
●●●
●
●

●

●

●

●

●

●
●

●●

●

●

●

●

●

●

●

●

●

●●

●

●

●

●

●●

●

●

●
●

●

●

●●

●

●

●

●●

●●●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●●

●
●

●

●

●

●
●

●

●●

●
●

●

●
●

●

●
●

●

●

●

●
●
●

●

●

●

●

●

●
●

●

●

●
●●
●
●

●

●

●

●
●

●

●

●

●

●●●

●

●

●

●

●
●
●

●

●
●

●●

●

●
●●

●

●

●

●

●●

●

●

●

●

●

●

●
●

●

●
●
●●

●

●●
●●●
●
●●
●●
●●
●

●

●

●

●
●
●
●

●●

●

●

●
●

●

●

●

●

●
●●

●
●
●

●

●

●

●
●●

●

●

●

●●●
●

●

●

●

●

●

●

●●
●

●

●

●

●

●

●

●

●

●

●

●●
●
●

●

●●●

●

●

●

●●

●

●

●

●

●

●

●

●
●

●

●

●
●●●

●
●●●

●

●

●

●
●●

●

●

●
●
●
●●

●
●
●

●

●
●
●●●
●●●

●

●●

●

●

●●

●
●●

●●
●

●

●
●
●
●
●

●

●

●
●

●
●

●

●

●

●

●

●

●

●●
●
●
●
●
●
●●
●
●

●

●

●

●
●
●

●

●

●
●

●

●
●

●

●

●

●
●

●

●

●

●

●●

●

●

●

●

●

●
●

●

●

●

●

●

●

●●●

●

●
●●

●

●
●

●
●

●

●

●

●●

●

●

●
●

●

●

●

●
●●●
●●●

●

●

●

●

●

●

●●

●

●

●

●
●

●

●

●

●

●●

●

●

●●
●

●

●
●
●●●

●

●

●
●

●

●

●

●

●
●●●●

●●

●

●
●●●

●

●
●
●

●

●

●

●

●
●
●

●

●●

●

●

●

●

●

●

●
●

●

●

●

●

●●

●

●

●

●

●
●

●

●

●

●
●●●

●

●

●
●●
●

●

●

●

●
●
●

●
●

●

●
●

●

●

●

●

●

●

●●
●●

●

●●

●

●

●

●

●

●

●

●●
●

●

●

●

●
●

●

●●

●

●

●
●

●

●

●

●

●

●

●
●

●

●
●

●

●●●

●●

●

●

●
●

●

●

●

●●

●

●

●●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●
●

●

●
●

●
●

●

●●

●

●
●

●
●

●●

●

●

●
●

●

●

●
●●

●
●
●
●

●

●

●●

●●
●
●
●

●
●

●

●

●

●
●

●

●

●
●

●
●

●

●

●

●
●

●

●●
●●
●

●

●

●
●

●

●●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●
●

●

●

●

●

●●

●
●
●

●

●●

●
●

●

●

●

●

●

●
●●

●

●

●

●

●

●
●●

●

●

●

●●

●
●●

●
●

●

●
●

●●

●

●

●

●

●

●

●
●
●

●

●

●
●

●
●

●

●

●●

●

●

●●

●

●

●

●

●
●

●

●

●

●

●

●
●●
●

●

●

●

●

●

●

●
●

●

●

●

●

●●
●

●
●
●

●

●

●

●

●

●

●

●

●

●●

●

●

●

●●

●

●

●●

●

●
●

●●
●
●

●

●

●

●

●

●

●
●

●
●

●
●●
●
●

●

●

●
●

●

●

●

●

●
●●

●

●

●

●

●

●

●

●

●●
●

●

●
●

●

●
●

●

●

●
●

●●

●

●

●

●

●
●
●
●●
●

●

●

●

●
●

●

●
●

●

●

●●●●●●
●●

●

●
●
●
●

●

●

●
●

●
●

●

●
●

●

●

●

●
●

●

●

●
●
●
●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●●●
●

●

●

●●

●●

●

●
●

●
●
●
●

●

●

●

●

●

●●

●

●

●

●

●

●

●

●

●
●

●

●
●

●●
●●
●

●

●

●●

●

●

●●

●●
●

●

●

●
●

●●

●

●
●

●

●

●

●

●

●
●

●

●

●●

●
●

●

●
●

●

●

●

●

●

●

●

●
●
●

●

●

●

●

●
●

●
●

●

●

●

●

●

●

●

●

●

●

●

●●

●

●
●●

●●

●

●

●
●●

●

●●

●●

●

●●

●●

●

●

●

●
●
●
●

●

●

●

●

●
●

●

●
●
●

●

●

●

●
●

●

●

●

●
●●

●

●
●

●
●
●●●

●

●

●

●
●●
●●●

●

●

●

●

●

●

●

●
●

●●
●

●

●

●

●

●
●

●

●●
●●●

●●

●

●

●

●

●

●

●

●

●
●
●

●●

●

●

●

●

●

●

●
●

●
●●

●

●
●

●
●

●

●

●

●

●

●

●

●

●●
●

●

●

●

●

●

●
●
●

●
●

●

●
●
●

●

●

●

●

●●

●●●

●

●

●●

●

●
●

●●

●
●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●●

●

●
●●

●

●

●

●

●

●

●

●

●●●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●
●
●

●

●

●●

●

●

●
●
●

●

●

●

●

●

●

●

●

●

●
●●
●

●

●

●
●

●●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●●●

●
●

●

●

●

●

●

●

●

●

●

●●

●

●

●

●

●

●

●
●

●

●

●

●●
●
●●

●●

●

●

●●

●

●
●

●

●

●●

●

●

●

●

●

●

●

●

●

●●
●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●
●

●

●

●
●
●

●

●
●

●

●

●●

●

●

●

●
●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●
●●

●

●

●

●●

●

●

●

●

●

●

●●

●

●

●

●

●

●

●

●●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●●

●

●

●
●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●●

●

●

●

●●
●

●

●
●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●
●

●

●

●

●●

●

●

●

●

●

●

●
●

●

●

●
●

●

●

●

●
●

●
●

●

●

●

●
●

●

●

●

●

●

●

●●

●

●
●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●●

●

●

●

●

●●

●
●

●

●

●

●

●

●

●

●

●

●

●
●

●
●

●

●
●

●

●
●

●

●

●

●

●

●
●

●

●

●

●
●
●

●

●

●

●

●

●

●

●

●

●

●●

●●

●●

●
●

●●

●

●

●

●

●

●

●

●
●●

●●

●

●

●
●

●
●●

●

●
●

●

●

●

●

●

●

●

●

●●

●

●

●

●

●
●

●

●

●
●

●
●

●

●
●●

●

●

●

●

●

●●

●

●

●
●

●

●

●

●●

●

●●

●●

●

●
●

●

●

●

●

●

●

●●

●
●

●

●

●

●
●

●●

●
●

●

●

●

●●

●

●

●

●

●

●

●

●
●
●●

●
●

●

●●

●

●

●

●

●
●

●
●
●●●●●●
●●

●

●

●

●

●●
●
●

●
●

●

●

●
●

●

●

●

●●

●

●

●
●
●

●

●

●

●

●

●

●

●●

●

●

●

●

●
●

●

●
●

●
●

●
●●

●

●

●

●

●●

●

●
●
●

●●

●

●●

●

●
●

●

●
●
●

●●●

●

●
●

●

●
●
●

●

●

●
●

●

●

●

●

●●

●

●

●●

●

●●

●

●
●●

●

●

●

●

●

●
●
●

●

●
●

●

●●

●●

●●

●
●

●

●

●

●

●

●

●

●

●

●
●

●

●

●
●

●

●●

●

●

●

●

●

●

●

●
●

●

●

●

●●

●

●●

●
●●

●

●
●
●●

●●●

●●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●●

●

●

●

●

●

●
●

●●

●

●

●

●

●

●
●
●

●●

●

●

●
●
●

●

●

●

●
●

●●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●●
●
●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●●

●●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●
●

●

●

●

●

●

●

●

●

●●

●

●

●

●

●

●●

●

●
●

●

●

●●

●

●

●

●

●

●
●

●
●

●

●

●

●

●

●

●

●

●

●●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●●●

●

●

●●

●

●

●

●

●●

●

●

●

●

●

●

●
●

●

●

●

●

●

●
●

●

●

●

●

●

●●●

●

●

●

●

●

●

●
●

●●

●●

●

●

●

●

●

●

●●

●

●

●
●

●

●

●

●

●

●
●

●

●

●

●
●
●

●
●

●

●
●
●●

●
●
●
●●

●

●
●

●

●

●

●

●●

●●

●

●

●

●
●

●

●

●
●

●

●

●

●

●●

●

●

●
●

●
●

●

●●

●

●

●

●

●

●

●

●

●
●
●

●

●

●

●

●

●●

●

●●

●

●

●

●

●

●
●

●

●

●

●

●

●

●●

●

●

●

●

●
●

●●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●●

●

●

●
●

●

●

●

●

●

●

●

●
●

●
●
●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●●

●

●

●

●

●

●●

●

●

●

●

●●●

●

●

●

●

●●

●
●

●

●
●

●

●
●●
●
●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●
●

●
●

●

●

●

●

●

●

●●

●

●

●

●

●

●

●

●

●

●

●●

●
●

●

●
●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●●

●

●

●

●

●●

●●

●

●

●

●●

●
●

●

●

●

●●

●

●●

●
●

●●

●

●

●

●

●
●
●

●

●

●
●●

●

●
●
●

●

●●

●
●

●

●

●
●

●

●

●●

●

●

●

●

●

●

●

●

●

●

●

●
●

●●

●

●

●

●

●

●

●

●
●

●

●

●

●●●

●

●
●

●

●
●

●

●

●

●●

●

●
●

●

0 1000 2000 3000 4000 5000

−4

−2

0

2

4

Index

P
R

 F
S

PR FS

D
en

si
ty

−4 −2 0 2 4

0.0

0.1

0.2

0.3

0.4

0.5

●
●

●

●

●
●

●

●
●

●

●

●

●

●

●

●

●

●

●

●
●

●
●●

●

●

●●

●

●

●

●

●

●

●

●

●
●

●

●
●

●

●

●●

●
●

●

●

●
●

●
●

●

●

●

●
●

●
●●

●

●

●

●

●

●
●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●
●

●

●

●

●●

●

●

●

●
●

●

●
●

●

●
●

●●

●

●

●

●
●

●●

●
●

●

●

●
●

●

●

●
●●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●●
●

●●

●●

●

●

●●
●

●
●

●
●

●
●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●
●

●
●

●

●

●
●

●

●

●●

●

●
●

●
●●●

●

●

●

●

●

●
●

●

●
●

●
●

●
●●●

●

●

●

●

●

●

●
●

●

●

●
●

●

●
●

●

●

●

●
●

●

●●

●

●

●

●

●

●

●

●

●

●

●●

●●●

●

●

●●
●

●

●

●

●

●

●

●

●
●

●

●

●

●

●●
●

●

●

●

●

●●

●

●
●

●

●

●

●
●●

●

●

●

●●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●●

●●

●●

●
●

●
●●

●
●

●

●

●

●●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●●

●

●

●

●

●
●

●●
●●

●
●

●

●●

●

●
●

●

●
●

●

●

●

●

●
●

●

●

●
●

●

●

●
●

●

●

●

●
●

●

●

●

●

●
●

●

●

●

●

●

●
●

●●

●

●

●

●

●

●●

●

●

●

●
●

●

●

●

●

●

●●
●

●

●

●

●
●●

●

●
●

●
●

●
●

●

●

●●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●●
●

●
●●

●●

●

●

●

●
●

●

●

●

●

●

●

●

●

●●
●

●

●

●

●

●●

●

●
●

●

●

●

●

●●

●

●

●

●

●

●
●

●

●

●
●

●

●●

●

●

●

●
●

●●

●

●
●

●●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●
●

●●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●
●

●
●

●
●

●
●

●

●
●

●

●
●

●
●

●

●

●●

●
●

●
●

●●

●

●

●

●

●

●

●

●

●

●

●

●
●

●●
●

●●●
●

●

●
●

●●

●

●

●
●

●

●

●

●●●●

●
●

●●●
●●

●●

●

●
●

●
●●

●

●

●●

●

●
●

●

●

●

●
●

●●
●

●

●
●

●

●
●

●

●
●●

●

●
●

●

●

●●

●

●
●

●

●

●

●

●●
●

●
●

●

●

●

●

●●

●

●●●●

●

●
●●●

●
●

●
●

●

●

●
●

●
●

●
●

●

●
●

●●

●

●

●
●

●

●

●

●

●

●
●

●

●

●

●●

●
●

●
●●●

●

●

●

●

●●

●

●

●

●

●
●

●
●

●
●

●

●

●●●●
●●

●

●

●●
●

●
●

●

●

●

●

●
●

●●

●

●

●●●●

●

●

●

●●
●●

●
●

●

●
●

●
●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●
●

●

●

●

●

●
●

●

●

●

●

●
●

●
●

●
●

●

●

●●●

●

●

●
●

●
●●●

●
●

●

●

●

●
●●

●●

●

●

●

●

●

●

●

●

●

●

●
●

●

●
●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●●

●

●●
●

●●

●

●

●

●

●

●

●

●
●

●
●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●
●

●

●

●

●

●

●

●

●
●

●●

●
●

●

●

●
●●

●

●
●

●

●
●●

●
●

●

●
●

●
●

●

●●

●

●

●

●

●

●

●
●

●

●

●

●

●●

●
●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●
●●

●

●

●

●

●

●

●

●

●
●

●
●

●

●

●

●
●

●●

●

●

●
●

●
●

●

●●

●●

●
●

●

●

●

●

●

●●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●●●

●

●
●

●

●

●●

●

●

●●

●

●

●

●

●

●

●

●

●

●

●

●

●●●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●
●

●

●

●

●
●

●
●

●

●

●

●●

●

●

●●●●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●●

●

●

●

●

●

●

●

●
●

●
●

●

●

●

●

●
●

●

●●
●

●

●●

●

●

●

●
●

●
●

●

●●

●

●

●

●

●●
●

●

●

●

●●

●

●

●

●

●

●

●

●

●

●

●

●

●●

●

●
●

●

●

●●

●
●

●

●

●●●●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●●

●

●

●
●

●

●

●
●

●

●

●

●

●

●

●

●
●

●

●

●●

●

●

●

●

●

●
●

●

●

●

●

●

●
●●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●
●

●

●
●

●

●

●

●
●

●
●

●

●

●

●●

●
●

●
●

●

●
●

●

●

●

●

●

●●

●

●

●

●

●

●

●

●

●

●

●

●●

●

●●
●●

●

●

●

●

●
●

●●●

●●

●

●

●
●

●

●●

●

●●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●●
●

●

●

●

●

●●

●

●

●●

●

●●●

●

●

●

●

●

●

●

●

●
●

●

●●
●

●
●

●

●

●●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●●

●
●

●
●

●

●
●

●

●●

●

●

●

●

●

●

●

●

●
●

●
●

●

●
●

●

●

●
●

●

●

●●

●

●

●

●●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●
●

●

●

●

●

●●●●

●

●

●

●

●

●

●

●
●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●●

●

●

●
●

●
●

●

●
●

●

●

●

●

●
●

●

●

●

●

●
●

●

●
●

●

●

●

●

●

●

●

●
●●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●●

●

●

●

●

●

●●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●●

●

●

●

●

●

●

●●

●

●

●

●

●

●

●

●

●

●

●

●

●●

●

●

●
●

●

●

●●

●

●

●
●

●

●

●

●

●

●

●

●

●
●

●

●●

●

●
●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●●

●

●

●
●

●

●

●
●

●

●

●

●

●
●

●

●

●
●

●

●
●

●

●
●

●

●

●

●

●
●

●

●

●

●
●

●

●

●

●

●
●

●

●

●

●

●●●

●

●

●

●

●

●

●

●

●●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●●

●
●●●

●

●

●

●

●

●
●

●

●

●

●

●

●
●

●●
●

●

●

●

●
●

●
●●

●

●●
●

●

●

●
●

●●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●●
●

●

●

●●●

●

●

●●

●

●

●

●●

●
●

●

●

●

●

●

●●
●

●

●●

●

●

●

●
●

●

●

●

●

●

●●

●

●

●

●
●

●

●

●

●
●

●

●
●

●●

●●

●

●

●

●

●

●

●

●

●

●

●

●

●●
●

●

●

●

●

●

●
●

●
●

●
●

●

●●

●

●

●
●

●
●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●●

●

●

●

●●

●●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●●

●●●

●●●

●

●

●
●●●

●
●

●

●

●

●

●

●
●

●●

●

●

●

●

●

●

●

●

●

●●

●

●

●

●

●●

●

●

●
●

●

●

●●

●

●

●

●●

●●●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●●

●
●

●

●

●

●
●

●

●●

●
●

●

●
●

●

●
●

●

●

●

●
●

●

●

●

●

●

●

●
●

●

●

●
●●

●
●

●

●

●

●
●

●

●

●

●

●●●

●

●

●

●

●
●

●

●

●
●

●●

●

●
●●

●

●

●

●

●●

●

●

●

●

●

●

●
●

●

●
●

●●

●

●●●●●
●

●●
●●

●●
●

●

●

●

●
●

●
●

●●

●

●

●
●

●

●

●

●

●
●●

●
●

●

●

●

●

●
●●

●

●

●

●●●
●

●

●

●

●

●

●

●●
●

●

●

●

●

●

●

●

●

●

●

●●
●

●

●

●●
●

●

●

●

●●

●

●

●

●

●

●

●

●
●

●

●

●
●●●

●
●●●

●

●

●

●
●●

●

●

●
●

●
●●

●
●

●

●

●
●

●●●●●
●

●

●●

●

●

●●

●
●●

●●
●

●

●
●

●
●

●

●

●

●
●

●
●

●

●

●

●

●

●

●

●●
●

●
●

●
●

●●
●

●

●

●

●

●
●

●

●

●

●
●

●

●
●

●

●

●

●
●

●

●

●

●

●●

●

●

●

●

●

●
●

●

●

●

●

●

●

●●
●

●

●
●●

●

●
●

●
●

●

●

●

●●

●

●

●
●

●

●

●

●
●●●●●●

●

●

●

●

●

●

●●

●

●

●

●
●

●

●

●

●

●●

●

●

●●
●

●

●
●

●●●

●

●

●
●

●

●

●

●

●
●●●●

●●

●

●
●●●

●

●
●

●

●

●

●

●

●
●

●

●

●●

●

●

●

●

●

●

●
●

●

●

●

●

●●

●

●

●

●

●
●

●

●

●

●
●●●

●

●

●
●●

●

●

●

●

●
●

●

●
●

●

●
●

●

●

●

●

●

●

●●
●●

●

●●

●

●

●

●

●

●

●

●●
●

●

●

●

●
●

●

●●

●

●

●
●

●

●

●

●

●

●

●
●

●

●
●

●

●●●

●●

●

●

●
●

●

●

●

●●

●

●

●●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●
●

●

●
●

●
●

●

●●

●

●
●

●
●

●●

●

●

●
●

●

●

●
●●

●
●

●
●

●

●

●●

●●
●

●
●

●
●

●

●

●

●
●

●

●

●
●

●
●

●

●

●

●
●

●

●●
●●

●

●

●

●
●

●

●●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●
●

●

●

●

●

●●

●
●

●

●

●●

●
●

●

●

●

●

●

●
●●

●

●

●

●

●

●
●●

●

●

●

●●

●
●●

●
●

●

●
●

●●

●

●

●

●

●

●

●
●

●

●

●

●
●

●
●

●

●

●●

●

●

●●

●

●

●

●

●
●

●

●

●

●

●

●
●●
●

●

●

●

●

●

●

●
●

●

●

●

●

●●
●

●
●

●

●

●

●

●

●

●

●

●

●

●●

●

●

●

●●

●

●

●●

●

●
●

●●
●

●

●

●

●

●

●

●

●
●

●
●

●
●●

●
●

●

●

●
●

●

●

●

●

●
●●

●

●

●

●

●

●

●

●

●●
●

●

●
●

●

●
●

●

●

●
●

●●

●

●

●

●

●
●

●
●●

●

●

●

●

●
●

●

●
●

●

●

●●●●●●
●●

●

●
●

●
●

●

●

●
●

●
●

●

●
●

●

●

●

●
●

●

●

●
●

●
●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●●●
●

●

●

●●

●●

●

●
●

●
●

●
●

●

●

●

●

●

●●

●

●

●

●

●

●

●

●

●
●

●

●
●

●●
●●

●

●

●

●●

●

●

●●

●●
●

●

●

●
●

●●

●

●
●

●

●

●

●

●

●
●

●

●

●●

●
●

●

●
●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●
●

●
●

●

●

●

●

●

●

●

●

●

●

●

●●

●

●
●●

●●

●

●

●
●●

●

●●

●●

●

●●

●●

●

●

●

●
●

●
●

●

●

●

●

●
●

●

●
●

●

●

●

●

●
●

●

●

●

●
●●

●

●
●

●
●

●●●

●

●

●

●
●●

●●●

●

●

●

●

●

●

●

●
●

●●
●

●

●

●

●

●
●

●

●●
●●●

●●

●

●

●

●

●

●

●

●

●
●

●

●●

●

●

●

●

●

●

●
●

●
●●

●

●
●

●
●

●

●

●

●

●

●

●

●

●●
●

●

●

●

●

●

●
●

●

●
●

●

●
●

●

●

●

●

●

●●

●●●

●

●

●●

●

●
●

●●

●
●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●●

●

●
●●

●

●

●

●

●

●

●

●

●●●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●
●

●

●

●

●●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●
●●

●

●

●

●
●

●●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●●●

●
●

●

●

●

●

●

●

●

●

●

●●

●

●

●

●

●

●

●
●

●

●

●

●●
●

●●

●●

●

●

●●

●

●
●

●

●

●●

●

●

●

●

●

●

●

●

●

●●
●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●
●

●

●

●
●

●

●

●
●

●

●

●●

●

●

●

●
●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●
●●

●

●

●

●●

●

●

●

●

●

●

●●

●

●

●

●

●

●

●

●●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●●

●

●

●
●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●●

●

●

●

●●
●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●
●

●

●

●

●●

●

●

●

●

●

●

●
●

●

●

●
●

●

●

●

●
●

●
●

●

●

●

●
●

●

●

●

●

●

●

●●

●

●
●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●●

●

●

●

●

●●

●
●

●

●

●

●

●

●

●

●

●

●

●
●

●
●

●

●
●

●

●
●

●

●

●

●

●

●
●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●●

●●

●●

●
●

●●

●

●

●

●

●

●

●

●
●●

●●

●

●

●
●

●
●●

●

●
●

●

●

●

●

●

●

●

●

●●

●

●

●

●

●
●

●

●

●
●

●
●

●

●
●●

●

●

●

●

●

●●

●

●

●
●

●

●

●

●●

●

●●

●●

●

●
●

●

●

●

●

●

●

●●

●
●

●

●

●

●
●

●●

●
●

●

●

●

●●

●

●

●

●

●

●

●

●
●

●●

●
●

●

●●

●

●

●

●

●
●

●
●

●●●●●●
●●

●

●

●

●

●●
●

●

●
●

●

●

●
●

●

●

●

●●

●

●

●
●

●

●

●

●

●

●

●

●

●●

●

●

●

●

●
●

●

●
●

●
●

●
●●

●

●

●

●

●●

●

●
●

●

●●

●

●●

●

●
●

●

●
●

●

●●●

●

●
●

●

●
●

●

●

●

●
●

●

●

●

●

●●

●

●

●●

●

●●

●

●
●●

●

●

●

●

●

●
●

●

●

●
●

●

●●

●●

●●

●
●

●

●

●

●

●

●

●

●

●

●
●

●

●

●
●

●

●●

●

●

●

●

●

●

●

●
●

●

●

●

●●

●

●●

●
●●

●

●
●

●●

●●●

●●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●●

●

●

●

●

●

●
●

●●

●

●

●

●

●

●
●

●

●●

●

●

●
●

●

●

●

●

●
●

●●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●●
●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●●

●●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●
●

●

●

●

●

●

●

●

●

●●

●

●

●

●

●

●●

●

●
●

●

●

●●

●

●

●

●

●

●
●

●
●

●

●

●

●

●

●

●

●

●

●●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●●●

●

●

●●

●

●

●

●

●●

●

●

●

●

●

●

●
●

●

●

●

●

●

●
●

●

●

●

●

●

●●●

●

●

●

●

●

●

●
●

●●

●●

●

●

●

●

●

●

●●

●

●

●
●

●

●

●

●

●

●
●

●

●

●

●
●

●

●
●

●

●
●

●●

●
●

●
●●

●

●
●

●

●

●

●

●●

●●

●

●

●

●
●

●

●

●
●

●

●

●

●

●●

●

●

●
●

●
●

●

●●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●●

●

●●

●

●

●

●

●

●
●

●

●

●

●

●

●

●●

●

●

●

●

●
●

●●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●●

●

●

●
●

●

●

●

●

●

●

●

●
●

●
●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●●

●

●

●

●

●

●●

●

●

●

●

●●●

●

●

●

●

●●

●
●

●

●
●

●

●
●●

●
●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●
●

●
●

●

●

●

●

●

●

●●

●

●

●

●

●

●

●

●

●

●

●●

●
●

●

●
●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●●

●

●

●

●

●●

●●

●

●

●

●●

●
●

●

●

●

●●

●

●●

●
●

●●

●

●

●

●

●
●

●

●

●

●
●●

●

●
●

●

●

●●

●
●

●

●

●
●

●

●

●●

●

●

●

●

●

●

●

●

●

●

●

●
●

●●

●

●

●

●

●

●

●

●
●

●

●

●

●●●

●

●
●

●

●
●

●

●

●

●●

●

●
●

●

−4 −2 0 2 4

−4

−2

0

2

4

Theoretical Quantiles

S
am

pl
e 

Q
ua

nt
ile

s
0 5 10 15 20 25 30

0.0

0.2

0.4

0.6

0.8

1.0

Lag

A
C

F

21/23



Bootstrapping

●

●

0 1000 2000 3000 4000 5000

Index

2000

6000

10000

14000

true
decoded

DAX
simulated index
simulated states

22/23



André Kostolany (1906-1999)

«Think long-term. Prices rise or fall over months and years. There is no need to let yourself be
driven crazy by short-term fluctuations.»

Thanks for your attention!
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